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Q 1.
If p = 2n + 1 > 3 is a prime, prove that 3 is a primitive root modulo p.

OR

Let p ≡ 3 modulo 4 be a prime > 3 such that 2p − 1 is also a prime. Show
that 2p+ 1 cannot be prime.

Q 2.
Let p = a2 + b2 be an odd prime, where a is odd. Prove:

(i)
(

a
p

)
= 1;

(ii)
(

a+b
p

)
= (−1)

(a+b)2−1
8 ;

(iii) (a+ b)2 ≡ 2ab modulo p.
Further, if 2 is a 4-th power modulo p, use the above results to show that p
can be written as c2 + 64d2 for some c, d.

Q 3.
Let a, n be positive integers. Prove an ≡ an−ϕ(n) modulo n.

OR

Prove that
∑n

r=1(r!)
2 is not a square if n > 1.
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Q 4.
If p is a prime ≥ 7, show that (p− 1)! + 1 is not a power of p.

OR

For a prime power pn and 0 ≤ r ≤ pn, determine the residue of
(
pn−1

r

)
mod-

ulo p.

Q 5.
Show that for each positive integer n, µ(n) =

∑
(k,n)=1 e

2kπi/n.

OR

Prove that the first digit of 5n is 1 if and only if the first digit of 2n+1 is also 1.

Q 6.
(i) Prove that the equation x2 +5x+12 = 31y has solutions in integers x, y.
(ii) Prove that the equation u2 + 6u+ 7 = 317v has no solutions in integers
u, v.
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